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SEPARABLE EXTENSIONS AND FROBENIUS
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As in our previous paper [2] we say that a ring Λ with 1 is a separable
extension of a subring Γ which contains the same 1 if the map π: Λ®
Γ
Λ->Λ
such that π(x®y)=xy splits as two sided Λ-module. There has been a problem
whether a separable extension is a Frobenius extension. Recently, K. Nakane
has given an affirmative answer to this problem in [8] under the condition that
Λ is centrally projective over Γ in the sense of K. Hirata [4] and m Γ φ Γ
holds for every maximal ideal m of a central subring R of Γ such that Λ = Γ ®
Λ
Ω
with Ω finitely generated projective over R. He also proved that if Λ is Γ-cent-
rally projective and separable over Γ, Λ is a quasi-Frobenius extension of Γ. In
this paper we shall show that the last condition can be omitted (Theorem 2).
Next we consider the opposite situatuon, that is, Λ®
Γ
Λ is Λ-centrally projec-
tive and Γ is a Γ-Γ-direct summand of Λ. In this case we can also see that Λ
is a Frobenius extension of Γ if we assume the finitely generated projectivity
of Λ
Γ
 or
 Γ
Λ (Theorem 4).
1. Separable extensions
Throughout this paper we assume that all rings have the identity elements
and all subrings contain the same 1 as the over ring. Furthermore whenever
we say that M is a Γ-Γ-module or a two sided Γ-module for a ring Γ, we
assume that M is unitary and associative, that is, (xm)y=x(my) for all x, y^T
and m<=M.
Let Γ be a ring and M a Γ-Γ-module. Then, according to K. Hirata
[4] we say that M is centrally projective over Γ, if M is isomorphic to a direct
summand of a finite direct sum of the copies of Γ as two sided Γ-module.
The next lemma is due to K. Hirata. But since we need it in this paper so often,
we shall state here.
Lemma 1 (Prop. 5.2 [4]). If a two sided Γ-module M is centrally
projective over T, Mv is finitely generated projective over C and M^T®CMV
by the map: x®m->xm and Horn (
Γ
M
Γ
,
 τ
M
v
)^Hom (CMV, CMT), where MΓ
= {mGM| xm=mx for every X G Γ } and C is the center ofT.
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The next theorem is an immediate consequence of Lemam 1. But it attracts
our interests to itself.
Theorem 1. Let M be an arbitrary centrally projective Y-Y-module.
Then, Ω=Hom {VM3 ΓM) is an H-separable extension of Γ/αΓ, where a is the
annίhilator ideal of MΓ in C.
Proof. Since M is isomorphic to a direct summand of Γ 0 0 Γ as
Γ-Γ-module, Horn (
Γ
M,
 Γ
M) is also a direct summand of a finite direct sum
of the copies of Horn (
Γ
Γ, γM)> which is isomorphic to M as Γ-Γ-module.
Hence, Ω is centrally projective over Γ, as M is so. Then, Ω=ΩV®CT,
where Ω Γ -Hom(
Γ
M
Γ
,
 Γ
M
Γ
) ^ H o m (
c
M Γ ,
 C M
Γ ) . But Hom(
c
M Γ ,
 C M
Γ ) is
central separable over Cja, since MΓ is C-finitely generated projective. Thus
Ω is H-separable over C/α®
c
Γ, as Ω=Ω
Γ(g)
c/αC/α®cΓ.
Lemma 2. A two sided Γ-module M is centrally projective over Γ if
and only if there exist fj^Hom(
Γ
M
Γj ΓΓΓ) and ί » ; . £ M Γ , j = l , 2 , * ,n, such
that tn=Σfj(tri)mj for every m^M.
Proof. M is centrally projective over Γ if and only if there exist Γ-Γ-
homomorphisms /"of M to Γ 0 0 Γ , the direct sum of n copies of Γ for some n,
and g of ΓΘ ΘΓ to M such that gf=lM. Assume that such / and g exist,
and let /y—πjf, where πs is the jth projection of Γ 0 0 Γ to Γ, and gj the
restriction of g to the jth direct summand Γ of Γ 0 0 Γ . Then,£y is given
by the multiplication of some ntj in M Γ , since gj is in Horn (
Γ
Γ
Γ
,
 Γ
^r)» which
is isomorphic to M Γ . Then Σ/'j(m)m~Xgjf'j{tn)==gf(m)==ίM(m)==m. Con-
versely, assume that there exist such / ; GHom( Γ M Γ , ΓΓΓ) and m^Mv.
Then, if we define / and g as follows
Λ
m) = (fl(m)> Λ(^)> —, fn{™)\ g{{Xi, X2>" > Xn)) = Σ XjHtj
then/is a Γ-Γ-map of M to Γ© ©Γ and g is a Γ-Γ-map of Γ 0 ©Γ to M
such that gf=lM. Hence M is centrally projective over Γ.
Let R be a commutative ring, Γ an i?-algebra and A a finitely generated
projective i?-module. Denote M=T®RA. Then M is a centrally projective
Γ-Γ-module. L e t / y e Horn (RA, RR) and a^A be such that a=Ίtfj(a)aj for
every a^A. Then, clearly f .= l
Γ
®/y a n d 1 ® aj satisfy the condition of Lemma
2. Let m be an arbitrary in MΓ. Then for any # e Γ and every j , xfj(m)=fj(xm)
=fj(mx)=fj(m)xy and we see that / ; . ( W ) G C , the center of Γ. Thus we see
that MΓ=C®RA. By this remark, we get.
Lemma 3. Let R be a commutative ring. Then if A is a finitely generated
projective R-module and Γ is an R-algebra with its center C, T®RA is centrally
projective over Γ and (T®RA)Γ=C®RA.
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Proposition 1. Let A be a ring and Γ a subring of A. Then A is an In-
separable extension of Γ if and only if 1 ® 1 G Δ ( Λ ®
Γ
Λ ) Λ in Λ®
Γ
Λ where
Δ = J^Λ(Γ), the commutor subring of Γ in A.
Proof. Λ is //-separable over Γ if and only if Λ®
Γ
Λ is centrally pro-
jective over Λ. This is the case if and only if there exist
φ y GHom( Δ Λ® Γ Λ Λ , ΛΛΛ) and δye(Λ<g)ΓΛ)Λ = 1,2, — , w
such that Σ φj(l®l)Sj=l®l, since 1®1 generates Λ®
Γ
Λ as two sided Λ-
module. On the other hand, since Horn (
Λ
Λ®
Γ
Λ
Λ
,
 AAA) is isomorphic to Δ by
the map: φ^φ(l®ί), each Λ-Λ-map φ of Λ®
Γ
Λ to Λ is given by the
multiplication of some d^A. Hence the above ψj and δy exist if and only if
there exist rf;GΔ and δy<=(Λ®ΓΛ)Λ such that l ® l = Σ ί / y δ y , i.e., \®\
GΔ(Λ®
Γ
Λ)Λ .
Now, let a ring Λ be left finitely generated projective over a subring Γ of it.
Then there exist / ; GHom(ΓΛ, ΓΓ) and ^ ; G Λ , J = 1 , 2 , •••,«, such that
x=Σfj(x)Zj for every x^A. On the other hand, we have Λ-Λ-isomorphisms
Λ®
Γ
Λ -> Horn (Γ
Γ
, Λ
Γ
)®
Γ
Λ -> Horn (Horn (
Γ
Λ,
 Γ
Γ)
Γ
, Λ
Γ
)
such that the composition σ of them is given by cr(x®y)(f)=xf(y) for every
/ e Horn (
Γ
Λ,
 Γ
Γ). Then we have a commutative diagram of Λ-Λ-maps
Λ®
 Γ
.Γ - ^ * Horn (Horn (
Γ
Λ,
 Γ
Γ)
Γ
, Λ
Γ
)
π \ ^ f Ψ
A
with Ψ(ψ)=Ί,ylr(fj)zJ.,π(x®y)=xy, for ψG Horn (Horn (ΓΛ, Γ Γ) Γ , ΛΓ) and
x, j>e Λ, because Ψσ(x®y)=Ί< σ{x®y){f j)z~x Σfj(y)Zj=xy=π(x®y).
From this fact, we obtain
Proposition 2. Let a ring A be left finitely generated projective over a subring
Γ, and f j and Zj be as above. Then, A is a separable extension ofT if and only if
there exists a A-Y-homomorphism h of Horn (
Γ
Λ,
 Γ
Γ) to A such that Σ h(fj)z~l.
Proof. Λ is separable over Γ if and only if there exists Σ Xi®y{ in (Λ® Γ Λ)Λ
such that 7r(Σ xi®yi)=L^. But σ is an isomorphism and induces a one to one
correspondence betwτeen (Λ®
Γ
Λ)Λ and Horn (
Λ
Hom (
Γ
Λ,
 Γ
Γ)
Γ
,
 Λ
Λ
Γ
). Hence
there exists Σ xi®yi^(A®ΓA)A with zr(S #ί ®.);t ) = l if and only if there exists
an AGHOΠI (
Λ
Hom (
Γ
Λ,
 Γ
Γ)
Γ
,
 Λ
Λ
Γ
) with Ψ(λ)=l, i.e., Σ A(/y)ary=l.
Let Λ be a separable extension of Γ such that Λ is centrally projective
over Γ. Then, there exist / y GHom( Γ Λ Γ , ΓΓΓ) and dj^Δ as Lemma 2 and
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Ae Horn (
Λ
Hom (
Γ
Λ,
 Γ
Γ)
Γ
,
 Λ
Λ
Γ
) with Σ h(fj)dj= 1 by Proposition 2. Then we
see that λ(Hom (
Γ
Λ
Γ
,
 Γ
Γ
Γ
) ) c Δ . In fact, let / be an arbitrary in
Hom(
Γ
Λ
Γ
,
 Γ
Γ
Γ
) and r in Γ. Since (rof)(χ)=;f(χr)=f(x)r=(fr)(x) for every
JίGΛ, r°f—fr. Then, rh(f)—h(rof)z=h(fr)=h(f)r for any rGΓ, since h is a
Λ-Γ-map. Therefore i(/)GΔ. Thus h induces a left Δ-map h of
Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
) to Δ, if we restrict h to Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
). Clearly, Σ h(fj)dj
= Σ h(fj)dj=l. On the other hand, Λ = Γ ® C Δ by Lemma 1, where C is the
center of Γ. Then, since
Horn (
Γ
Γ® C Δ Γ , ΓΓΓ) ^ Horn (CΔ, cHom (ΓΓΓ, ΓΓΓ)) = Horn (CΔ, CC)
as Δ-Δ-map, we have a Δ-Δ-isomorphism v of Horn (CΔ, CC) to Hom(ΓΛΓ,ΓΓΓ)
such that v{f)(rd) = rf{d) for rGΓ and rfGΔ. Let fj = v~\fj) for every j .
Then, ^fJ(d)dJ=d for any feΔ. Let h'=hv. Then h' is a left Δ-map of
Hom(
c
Δ,
 CC) to Δ, and Σ h'(fj)d~τ A(K/y)K=Σ A(/y)</y=l. This implies
that Δ is a separable C-algebra by virtue of Proposition 2.
From this remark we obtain
Theorem 2. Let A be a separable extension of Γ such that Λ ά centrally
projective over Γ. ΓAe/z we have
1) A is a separable C-algebra where C is the center of Γ, and Λ is a Fro-
benius extension of Γ.
2) Λ w a centrally projective H-separable extension of Γ ' and V is a separable
extension o/Γ, where Γ'=VA(VA(Γ)).
Proof. 1). Δ is a separable C-algebra by the above remark. Hence,
Δ is a Frobenius C-algebra by Theorem 4.2 [1]. Then, since Λ ^ Γ ® C Δ , Λ is
a Frobenius extension of Γ (see Theorem 3 [9]). 2). Let C be the center of
Δ. Then, since F
Λ
(C')~Γ'®C/Δ, K Δ ( C / ) = Γ / Δ D Γ Δ = Λ , and Λ = F Λ ( C ) .
Then we see that C" is the center of Λ. Then Λ^Γ '® C 'Δ , Λ is centrally
projective and /ί-separable over Γ'. Next, since Λ = Γ / ® C ' Δ , Γ' is a Γ'-Γ'-
direct summand, consequently, a Γ-Γ-direct summand of Λ, which is centrally
projective over Γ. Thus Γ' is centrally projective over Γ, and Γ ' = fV(Γ)®
c
Γ
by Lemma 1. But ^ ( Γ ) = Γ ' ί l F
Λ
( Γ ) = F
Λ
( Δ ) n Δ = C ' , which is a separable
C-algebra as Δ is a separable C-algebra. Hence Γ' is a separable extension
ofΓ.
Now, we can see that Nakane's theorem in [8] can be obtained under a
weaker condition concerning separability.
Corollary 1. Let Γ and Ω be R-algebras with Ω finitely generated projec-
tive over R and C the center of Γ. Suppose m C φ C holds for every maximal
ideal m of R. Then, \~Y®Rd is a separable extension of Γ if and only if Ω is a
separable R-algebra.
SEPARABLE EXTENSIONS AND FROBENIUS EXTENSIONS 295
Proof. The 'if part is clear by Prop. 2.7 [2]. Suppose Λ is separable
over Γ. Then, C ®
Λ
Ω is separable over C by Lemma 3 and Theorem 2.
Then, Ω is separable over R by Nakane's results (see Theorem [8]).
2. Strong Frobenius and symmetric extensions
In case Λ is an algebra over a commutative ring R, Λ is called a symmetric
i?-algebra if Λ is Λ-Λ-isomorphic to Horn (RA> RR). In case of ring extension
it is impossible to introduce such a notion. But we can consider the case
where Λ | Γ has the next condition
(s. F. 1)
 Λ
Λ
Γ
_ Δ ^ Λ Hom (ΓΛ, Γ Γ)Γ-Δ a n d ΓΛ is finitely generated projective.
In this case we shall call that Λ is a strong Frobenius extension of Γ. This
condition is equivalent to
(s. F.r)
 Δ - A = Δ - r H o m (ΛΓ, ΓΓ)Λ and ΛΓ is finitely generated projective.
The above equivalence can be deduced if we take the dual modules again. In
case Λ is an i?-algebra, Λ is a strong Frobenius i?-algebra if and only if Λ is a
symmetric i?-algebra. Moreover, if Λ is centrally projective over Γ, the
condition (s.F. 1) (resp. (s.F.r)) implies
Λ
Λ
Λ
^
Λ
Hom(
Γ
Λ,
 Γ
Γ)
Λ
 (resp.
 Λ
Λ
Λ
^
Λ
Hom (Λ
Γ
,Γ
Γ
)
Λ
)
where Horn (
Γ
Λ,
 Γ
Γ)
Γ
<g>Δ is given by (f(r®d))(x)=f(dx)r for rGΓ,
and / e Horn (
Γ
Λ,
 Γ
Γ). Hence in this case, we shall call that Λ is a symmetric
extension of Γ.
Most parts of the next Lemma is well known (see Theorem 3 [9] and
Theorem 35 [7] for example).
Lemma 4. If Ω is a symmetric (resp. Frobenius or quasi-Frobenius) algebra
over a commutative ring R, then K=T®RΩ is a symmetric (resp. Frobenius
or quasi-Frobenius) extension of Γ for any R-algebra Γ.
Proof. We shall prove in the case of symmetric algebra. Suppose Ω is
Ω-Ω-isomorphic to Horn (#Ω,
 RR). Then
Γ
®QHom(ΓΓ®ΛΩ, ΓΓ)r-Δ=r®ΩHom(A #Hom (ΓΓ, ΓΓ))Γ-α
(Ra, RR), RT)Γ_Ω
since Ω is i?-finitely generated projective. Hence, we see
 Λ
Hom (
Γ
Λ,
 Γ
Γ)
Λ
^
Λ
Λ
Λ
,
 Γ
Λ is finitely generated projective. Thus Λ is a symmetric extension
of Γ. By the same method we can prove in the case of Frobenius algebra.
REMARK. If we use Lemma 1.1 [11], we can prove that if Λt are i?-algebras
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and left quasi-Frobenius extensions of i?-subalgebras Γ, respectively, and if
the natural map: T1®RT2-^A1®RA2 is a monomorphism, then A^^A,, is
also a left quasi-Frobenius extension of ΓΊ<g)/?Γ2.
The most parts of the next theorem are immediate consequences of Lemma 2
and Theorem 35 [5].
Theorem 3. Let a ring A be centrally projective over a subrίng Γ. Then,
A is a symmetric (resp. Frobenius or left (or right) quasi-Frobenius) extension of
Γ if and only if A=VA(T) is a symmetric (resp. Frobenius or quasi-Frobenius)
algebra over C, the center of Γ.
Proof. Since Λ = Γ ® C Δ , the 'if' parts have been proved in Lemma 4.
Suppose Λ is a symmetric extension of Γ, and let A be a Λ-Λ-isomorphism
h:
 Λ
Hom(
Γ
Λ, ΓΓJΓ-Δ^ΔΛΓ-Δ
Then, h induces a Δ-Δ-map h of Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
) to Δ as is shown in the
previous section. Clearly h is a monomorphism since h is so. Let d be an
arbitrary in Δ. Then there exists a n / in Horn (
Γ
Λ,
 Γ
Γ) with h(f)=d. Then
rof=fr for every r e Γ , since A is a Λ-Γ-map and d is in Δ. Hence / is in
Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
)> and h is an epimorphism. Thus we see that Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
)
is Δ-Δ-isomorphic to Δ. On the other hand, as is shown before Horn (
Γ
Λ
Γ
,
 Γ
Γ
Γ
)
is Δ-Δ-isomorphic to Horn (CΔ, CC). Thus we see that Horn (CΔ, CC) is
Δ-Δ-isomorphic to Δ, and Δ is a symmetric C-algebra. The same method
as above proves in the case of Frobenius extension. Next, suppose that Λ is a
left quasi-Frobenius extension of Γ. Then, by Satz 2 [5] there exist Λ-Γ-
maps φk of Horn (ΓΛ, ΓΓ) to Λ and Γ-Γ-maps ak of Λ to Γ with Σ φk(ak)=\.
But each map φk induces a left Δ-map φk of Horn (ΓΛΓ, Γ Γ Γ ) to Δ, and there
exists a left Δ- isomorphism v of Horn (CΔ, CC) to Horn (ΓΛΓ, Γ Γ Γ ). Let φk
=φk'vandak=v-\ak). Then Σ ^ f f ^ Σ ^ ' W ) ^ Ψk(cck)=l. There-
fore, Δ is a quasi-Frobenius C-algebra. (See Theorem 35 [5] and the
Bemerkung under it).
3. Application of Morita's results
In sections 1 and 2 we considered the case where Λ is centrally projective
over Γ, but in this section we shall consider the case where Λ®
Γ
Λ is cent-
rally projective over Λ, i.e., Λ is an //-separable extension of Γ. To do this we
shall apply the results of Morita [7].
Lemma 5. Let A be an H-separable extension of Γ, Δ = VA(T) and
Ω=Hom (Λ
Γ
, Λ
Γ
). Then, we have
1) Horn (
Ω
Λ,
 QΛ) = F Λ (Δ), thus if F Λ ( F Λ ( Γ ) ) = Γ, ΛΓ has the double
centralizer property,
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2) If F A ( F A ( Γ ) ) = Γ , r-^Horn (ΩΛ, Ω Ω ) Λ ^ Γ _ Δ # o m (ΛΓ, Γ Γ ) Λ
Proof. 1). By Prop. 3.3 [4], there exist a ring isomorphism η of Λ® C Δ°
to Horn (Λ
Γ
, Λ
Γ
) such that y(x® d°)(y)=xyd, where C is the center of Λ. Thus
Ω
Λ is equivalent to
 Λ
ΛΔ. Hence, we see
Horn (
Ω
Λ,
 Ω
Λ ) ^ H o m (
Λ
ΛΔ, Λ Λ Δ ) ^ F Λ ( Δ ) .
2). By Theorem 1.1 [7]
 Γ
Hom (
Ω
Λ,
 Ω
Ω )
Ω
^
Γ
H o m (Λ
Γ
, Γ
Γ
)
Ω
, and we have
Γ
_ Δ Hom( Ω Λ, Ω Ω ) Λ ^ Γ _ Δ H o m ( Λ Γ , Γ Γ ) Λ
The next theorem is almost due to Theorem 6.1 [7].
Theorem 4. Let A be an H-separable extension of Γ with VA(VA(Γ))=Γ
and Ω, Δ and C be as in Lemma 5. Then, if Δ is a symmetric (resp. Frobenius
or quasi-Frobenius) C-algebra, the following conditions are equivalent
1) A is left Γ-finitely generated projective.
2) A is right Y-finitely generated projective.
3) Λ is a strong Frobenius (resp. Frobenius or quasi-Frobenius) extension ofT.
Proof. Suppose Δ is a symmetric C-algebra. Then Ω is a symmetric
extension of Λ, since Ω = Λ ® C Δ ° and Δ° is C-symmetric. Hence we have
Ω
H o m (
Λ
Ω ,
 Λ
Λ)
Λ
®Δo^ΩΩΛ Θ Δo, i.e., Ω _ Δ Hom( Λ Ω, Λ Λ ) Λ ^ Ω _ Δ Ω Λ
Then by Lemma 5 and the above isomorphism, we have
Γ
_ Δ Hom (ΛΓ, Γ Γ ) Λ ^ r - Δ Hom (ΩΛ, Ω Ω) Λ
^
 Γ
_ Δ Hom (ΩΛ, Ω Hom (ΛΩ, ΛΛ))Λ
^
 Γ
_ Δ Hom (ΛΩ®ΩΛ, ΛΛ)Λ
^
 Γ
_ Δ Hom( Λ Λ, Λ Λ ) Λ ^ Γ _ Δ Λ Λ
Thus Λ is a strong Frobenius extension of Γ. For the rest of the proof, see
Theorem 6.1 [7].
Corollary 2. Let Λ be an H-separable extension of Γ such that Γ is a Γ-Γ-
direct summand of Λ. Then the following conditions are equivalent.
1) A is left T-finitely generated projective.
2) A is right Y-finitely generated projective.
3) Λ is a strong Frobenius extension of Γ.
Proof. Since Γ is a Γ-Γ-direct summand of Λ, VA(VA(Y))=Y by Prop.
1.2 [10] and Δ is C-separable by Prop. 4.7 [4]. Thus Δ is C-symmetric by
Theorem 4.2 [1], and we can apply Theorem 4.
The converse of Theorem 4 holds for //"-separable extension as follows.
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Theorem 5. Let Λ be an H-separable extension of Γ. Then if Λ is a
strong Frobenίus (resp. Frobenius or left or right quasί-Frobenius) extension of
Γ, Δ is a symmetric {resp. Frobenius or quasi-Frobenius) C-algebra, where Δ = VA(T)
and C is the center of Λ.
Proof. Suppose Λ is a strong Frobenius extension of Γ. Then there
exists a Λ-(Δ—Γ)-isomorphism
 Λ
Λ Δ _ Γ ^ Λ Hom (ΓΛ, ΓΓ)Δ_r Then, since ΓΛ
is finitely genereted projective,
Γ
, Λ
Γ
)®
Γ
Λ
Λ
_Δ^Λ_ΔHom(Hom(ΓΛ, Γ Γ) Γ , ΛΓ)Λ_Δ
Λ
Γ
, Λ
Γ
)
Λ
_Δ
On the other hand, since Λ is //-separable over Γ, there exist (Λ—Δ)-(Λ—Δ)-
isomorphisms
ξ: Λ®
Γ
Λ->Hom (CΔ, CΛ) ξ(x®y)(d) = xdy for x, 3/GΛ and
η: Λ®
c
Δ-^Hom(Λ
Γ
, Λ
Γ
) v(x®d)(y) = xyd for x, J G Λ and
Hence we have (Λ—Δ)-(Λ—Δ)-isomorρhisms
Hom(
c
Δ,
 c
Λ)^Λ®
Γ
Λ^Hom(Λ
Γ
, Λ
Γ
)
Then, taking Horn (*,
 Λ
Λ
Λ
), we obtain Δ-Δ-isomorphisms
ΔHom (ΛHom (CΔ, CΛ)Λ, Λ Λ Λ ) Δ ^ Δ Hom (ΛΛΛ, ΛΛΛ)®C
since Δ is C-finitely generated projective, and
ΔHom (ΛΛ®CΔΛ, Λ Λ Λ ) Δ ^ Δ Hom (CΔ, cHom (ΛΛΛ, ΛΛΛ))Δ^ΔHom (CΔ, CC)Δ
Thus we see
 ΔHom( cΔ, C C ) Δ ^ Δ Δ Δ , which means that Δ is a symmetric C-
algebra. In case of Frobenius extension,
 Λ
Λ
Γ
^
Λ
Hom(
Γ
Λ,
 Γ
Γ)
Γ
 induces
Λ
Λ®
Γ
Λ
Λ
_ Δ ^ Λ Hom(Hom( Γ Λ, Γ Γ) Γ , Λ Γ ) Λ _ Δ ^ Λ Hom (ΛΓ, ΛΓ)Λ_Δ
where
 Λ
Λ®
Γ
Λ
Λ
_Δ is iduced by ΛΛΓ_Δ and ΓΛΛ, while in case of right quasi-
Frobenius extension
 Λ
Hom (
Γ
Λ,
 Γ
Γ)r<θ
Λ
(Σ ΘΛ)
Γ
 induces
Λ
Λ®
Γ
Λ
Λ
_ Δ ^ Λ Hom(Hom( Γ Λ, ΓΓ)Γ, ΛΓ)Λ_Δ<θΛ(ΣθHom (ΛΓ, ΛΓ))Λ_Δ
Then the same argument as in the case of strong Frobenius extension proves
the theorem in both cases.
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